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TOPOLOGICAL OBJECTS
Dictionary

	№
	English
	Russian
	Kazakh

	1
	proximity
	близость
	

	2
	convergence
	сходимость
	

	3
	continuity
	непрерывность
	

	4
	sequence
	последовательность
	

	5
	converge
	сходиться
	

	6
	continuous
	непрерывный
	

	7
	neighbourhood
	окрестность
	

	8
	topological
	топологический
	

	9
	topology
	топология
	

	10
	metric
	метрический
	

	11
	point
	точка
	

	12
	open set
	открытое множество
	

	13
	closed set
	замкнутое множество
	

	14
	complement
	дополнение
	

	14
	discrete topology
	дискретная топология
	

	15
	antidiscrete topology
	антидискретная топология
	

	16
	weak topology
	слабая топология
	

	17
	strong topology
	сильная топология
	

	18
	interior point
	внутренняя точка
	

	19
	exterior point
	внешняя точка
	

	20
	boundary 
	граничная точка
	

	21
	tangency point
	точка прикосновения
	

	22
	interior
	внутренность XE "внутренность" 
	

	23
	closure
	замыкание
	

	24
	boundary
	границ XE "граница" а
	

	25
	limit
	предел
	

	26
	continuous
	непрерывный
	

	27
	homeomorphism  
	гомеоморфизм
	


 XE "замыкание"  

	№
	English
	Russian
	Kazakh

	28
	connected space
	связное пространство
	

	29
	metric
	метрика
	

	30
	summable
	суммируемый
	

	31
	degree
	степень
	

	32
	ball
	шар
	

	33
	sphere
	сфера
	

	34
	radius
	радиус
	

	35
	center 
	центр
	

	36
	metrizable space
	метризуемое пространство
	

	37
	isometric operator  
	изометрический оператор
	

	38
	isometry
	изометрия
	

	39
	diameter  
	диаметр
	

	40
	complete space
	полное пространство
	


Introduction
We know what the proximity of numbers is. Then we can definite general analytic notions, namely convergence, continuity, etc. However we would like to extend it to arbitrary mathematical objects, for example, vectors, matrixes, functions, operators, etc.   
We know classical definitions of mathematical analysis. The sequence of numbers {xk} tends to the point х, if for all ( >0 there exists the number ( such that |xk – x| < (. The function f = f(х) is called continuous at the point х0, if for all ( >0 there exists the number ( >0 such that the inequality |f(x) – f(х0)| < (  is true if  
|x–х0|<(. These definitions can be transformed to other form. The sequence {xk} tends to the point х, if xk  is close enough to х for all large enough number k. The function f = f(х) is continuous at the point х0, if the value f(x) is close enough to f(х0) for all value х, which is close enough to х0. We could extend convergence and continuity of arbitrary objects if we have the possibility determine its proximity. 
This problem could be solved with using of the notion of the neighbourhood.  The sequence {xk} tends to the point х, if xk includes to the arbitrary neighbourhood of the point х for all large enough number k. An operator f  is continuous at the point х0, if for all neighbourhood U of the point f(х0) there exists the neighbourhood V of the point х0 such that f(x)(U for all x from V.
We shall deter mine the general notion of neighbourhood for arbitrary objects. It will be qualitative for topological spaces and quantitative for metric spaces.
TOPOLOGICAL OBJECTS
Section I. TOPOLOGICAL SPACES
Room 4С.1. TOPOLOGICAL SPACES 
Definition 4С.1. A family of subsets ( of a set X is called the topology on Х, if ( includes the sets ( and Х, besides the intersection of all two sets of ( and the sum of an arbitrary elements of ( are included to(. The pair (Х,() is topological space with carrier X and topology(. Elements of ( are called points, elements of ( are called open sets. The set is closed if it is the compliment to the open set.
If (Х,() is a topological space, then there is the topological structure on the set X.
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Fig. 4С.1. Topology ( on a set Х.

Example 4С.1. Empty space XE "пространство:топологическое, пустое" . The empty ( with topology ( = {(} is the topological space without points (see Fig. 4С.2). The set ( is open and closed here.
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Fig. 4C.2. Empty space.
Example 4С.2. One point space XE "пространство:топологическое, одноточечное" . Consider the set Х = {х}. We determine the topology ( = {(,Х} here. There are one point х and two sets ( and Х, which are open and closed (see Fig. 4С.3).

Example 4С.3. Two points spaces XE "пространство:двухточечное" . Consider the set Х = {х,у}. We can determine four topologies on this set with two points х and у (see Fig. 4С.4):

(1 = {(,{x},{y},X}, (2 = {(,{x}, X}, (3 = {(,{у},X}, (4={(,X}.

Properties of subsets of Х for different topologies a given in the Table 4С.1.

Table 4С.1. Sets of the two points spaces.

	topologies
	open
	closed
	other

	(1
	(, {x}, {y}, X
	(, {x}, {y}, X
	– 

	(2
	(, {x}, X
	(, {у}, X
	– 

	(3
	(, {у}, X
	(, {x}, X
	–

	(4
	(, X
	(, X
	{x}, {y}
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Fig. 4С.3. One point space.
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Fig. 4С.4. Two points spaces.

Example 4С.4. Topology, which contains only empty set and carrier is called antidiscrete, and Boolean of carrier is discrete topology. 
Analogue with trivial ordered set (trivial and antitrivial orders) and trivial group (one element group). 

There is the possibility to compare topologies of the same carrier.

Definition 4С.3. Let ( and ( are topologies on the same carrier, and ( ((. Then the topology ( is weaker than  XE "топология:более слабая" (, and the topology ( is stronger than (.

The topology (4 of the Example 4С.3 is weakest, the topology (1 is largest.
The discrete topology (for example (1 from Example 4С.3) is the largest element, and antidiscrete topology ((4 for Example 4С.3) is smallest element of the ordered set of topologies for the same carrier. 

Example 4С.5. The set of real numbers. Each topology includes the carrier and the empty set. We determine also open intervals (including infinite intervals) as open sets. The intersection of all open intervals is an open interval. But its sum can be not an open interval (see Fig. 4С.5). Then we determine all sums of open intervals as open sets. It is obviously, that all sums and intersections of these sets are sums of open intervals (see Fig. 4С.5). Hence the topology of the set of real numbers can be chosen as the set of all sums of open intervals. The corresponding topological space include one point sets {a}, closed intervals [a,b], infinite closed intervals [a,() и (-(,b], and its sum as closed sets, because these sets are complements to open sets (see Fig. 4С.6).
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Fig. 4С.5. Topology on the set of real numbers.
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Fig. 4С.6. Closed sets of the topological space of real numbers.

We determine the topology on a subset of the topological space carrier. Let (Х,() be a topological space and Y(Х (see Fig. 4С.5). The family of sets ( = {M(Y | M((} is the topology, induced to Y from Х by the topology (.

Definition 4С.2. The pair (Y,() is the topological subspace of the  XE "подпространство:топологическое" space (Х,().
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Fig. 4С.5. Topological subspace (Y,() of the space (Х,().
The empty space is the subspace of all topological space. The topology of each one point space are induced by each topology from Example 4С.3 (see Fig. 4С.6).
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Fig. 4С.6. ((,() is the subspace of (Х,(); (Х,() is the subspace (Y,().

Definition 4С.5. The neighbourhood of the point is a set, which includes an open set, which contains this point.
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Fig. 4С.7. Neighbourhood of the point.
Example 4С.5. Neighbourhoods of points for two points spaces are given in Table 4С.2.

Table 4С.2. Neighbourhoods of points on the set Х = {x,y}.

	topology
	х
	у

	(1  = {(, {x}, {y}, X}
	{x}, X
	{y}, X

	(2  = {(, {x}, X}
	{x}, X
	X

	(3  = {(, {у}, X}
	X
	{y}, X

	(4  = {(, X}
	X
	X


We determine the classification of points in a topological space with respect to a set of this space.
Definition 4С.6. The point х is called the interior point of a set М, if М is its neighbourhood. It is the exterior point, if it is an interior point of the complement of M; the tangency point, if each it’s neighbourhood has a non empty intersection with M, the boundary point, if it is a tangency point of M and its complement. The sets of interiors points int M, tangency points 
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 and boundary дМ are its interior, closure and boundary.
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Fig. 4С.7. Classification of points in a topological space.

Example 4С.6. The properties of the points for two points spaces with respect to the set {x} are given in Table 4С.3.

Table 4С.3. Properties of the set {x} of two points spaces.

	topology
	interior
	closure
	boundary

	{(,{x},{y},X}
	{x}
	{x}
	(

	{(,{x},X}
	{x}
	X
	(

	{(,{у},X}
	(
	{x}
	{x}

	{(,X}
	(
	          X
	           X


Task. What are interior, closure and boundary of the semiopen interval 
[image: image13.wmf](,]

ab

 on the set of real number?

Task. What are interior, closure and boundary of the set Q of rational numbers on the set of real number?

Definition 4С.7. The fundamental set of neighbourhoods for the point х is a set ( of its neighbourhoods such that for all its neighbourhood U there exists a such set V((, that V(U.

Example 4С.7. The sets of (-neighbourhoods К((х) = (х-(, х+() or 
В((х) = [х-(, х+(] can be chosen as fundamental sets of neighbourhoods for the point х on 
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.
Example 4С.8. The sets 
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are fundamental sets of neighbourhoods of the point x in the space С[0,1].
Definition 4С.8. The sequence {xk} of the space (X,() tends to the point х, if all its elements with large enough numbers are included to each   neighbourhoods of х. 

This result can be denoted by xk ( х or x = lim xk , or xk ( х in (Х,().

Example 4С.9. Space 
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. Let the sets {B((x) | (>0} for Example 4C.7 be fundamental sets of neighbourhoods of the point x in R. The sequence {xk} convergence to the point x, if for all (>0 there exists a number k(() such that | xk – x | ( ( for all k>k((). Then we obtain the standard definition of the convergence for real numbers. 
Example 4С.10. Space С[0,1]. Let the sets {B((x) | (>0} for Example 4C.8 be fundamental sets of neighbourhoods of the point x in the space С[0,1]. The sequence {xk} convergence to the point x, if for all (>0 there exists a number k(() such that 

[image: image17.wmf][0,1]

max| ()  () |

k

t

xtxt

e

Î

-£


for all k>k((). Then we obtain the standard definition of the convergence for continuous functions.

Let (Х,() and (Y,() be topological spaces. We consider an operator 
А : Х ( Y.

Definition 4С.9. The map А : (Х,() ( (Y,() is continuous in the point х0 of Х, if for all neighbourhood V of the point Ах0 the exists a such  neighbourhood U of the point х0, that the property Ах(V is true if  х(U (see Fig 4C.8.). An operator is continuous, if it is continuous in each point.  
Analogy: monotone operator, homomorphism, linear operator
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Fig. 4С.8. Operator А is continuous in the point х.
Example 4С.11. We consider an operator A on the set of real numbers, namely a function. We determine the set

В( (Ах0) = [Ах0 – (, Ах0 + (],
as the neighbourhood V of the point Ах0 characterized by a number (. Let the set

В( (х0) = [х0 – (, х0 + (]

be the neighbourhood U of the point х0. Then the function A is continuous in the point х0 if for all (>0 (namely, for all neighbourhood V of the point Ах0) there exists the value (>0 (namely, a neighbourhood U of the point х0) such that if the inequality | х – х0 | ( ( (namely, if х(U), then we obtain the inequality неравенство | Ах – Ах0 | ( ( (namely, Ах(V). Thus we have the classical definition of the continuous function.
Let (Х,() and (Y,() be topological spaces.
Definition 4С.10. The map А : (Х,() ( (Y,() is homeomorphism, if it is invertible, and this operator and its inverse operator are continuous. Topological spaces are homeomorphic if there exists a homeomorphism between these spaces. The property is topological, if it is saved after homeomorphisms,
Example 4С.12 (task). We consider the set Х = {x,y} with topologies  (2 and (3. An operator А : (Х,(2) ( (Х,(3), determined by equalities Ах = у, Ау = х is homeomorphism. So the spaces (Х,(2) and (Х,(3) has the same properties.
We shall determine topological spaces with additional topological properties.
Room 4С.2. SPECIAL TOPOLOGICAL SPACES
Definition 4С.11. The topological space is connected if the empty set and the carrier are open and closed only.  
Each topological space, which is homeomorphic to connected space, is connected too. So this is topological property. The space is not connected iff its carrier is a sum of two open sets with empty intersection. For example the two points space (Х,(1) has the carrier Х, which is the sum of the open sets {х} and {y} (see Fig. 4С.9). An interval (a,b) is connected, but the sum of two interval wits empty intersection space is not connected (see Fig. 4С.10).
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Fig. 4С.9. The space (Х,(1) is not connected.
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Fig. 4С.10. The set М is not connected.
We consider now sequences on the two point’s spaces.

Example 4С.13 (task). Let Х = {х,у}. We consider the sequences 
{х, х, х, х, ...},  {у, у, у, у, ...},  {х, у, х, у, ...}.

The neighbourhoods of both points for all topologies are given in the Table 4С.2. The limits of these sequences are given in the Table 4С.4 (see also Fig. 4C.11). We can see that the sequence can have many limits.

Table 4С.4. Limits of the sequences for two point’s spaces.
	topology
	{х, x, x, ...}
	{y, y, y, ...}
	{x, у, x, y, ...}

	(1  = {(,{x},{y},X}
	x
	y
	– 

	(2  = {(,{x},X}
	x, y
	y
	y

	(3  = {(,{у},X}
	x
	x, y
	x

	(4  = {(,X}
	X
	x, y
	x, y


Definition 4С.12. The topological space is Hausdorf space if all its different points have neighbourhoods with empty intersection.  
The space is Hausdorf one iff each its sequence can have lass or equal one limit. For example, only (X,(1) from the two point’s spaces is Hausdorf  space. The points х and у have neighbourhoods {х} and {у} with empty intersection (see Fig. 4С.11).
For all different points х and у of the space of real number we can determine the neighbourhoods B( (x) and B( (y), which have the empty intersection if (<|х-у|/2. For all different functions х and у of the space С[0,1] we can determine the neighbourhoods B( (x) and B( (y), which have the empty intersection if 
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 So there are Hausdorf’s spaces.
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Fig. 4С.11. Convergence of sequences on the two point’s spaces. 
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Fig. 4С.12. Discrete topology on Х is Hausdorf.

Definition 4С.13. Topological space is sequential compact XE "пространство:секвенциально компактное" , if each its sequence has a subsequence, which converges.  
By Bolzano – Weierstrass theorem each bounded numerical sequence has a subsequence, which converges. So each bounded set of real numbers is sequential compact. The sequential compactness is the very important means of proof of sequences convergence.
Section II METRIC SPACES
Room 4С.3. METRIC SPACES
We consider a set Х and a fuctional 
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 with following conditions:
1)  ((х,у) ( 0  (х,у(Х,  ((х,у) = 0  if and only if  х = у;

2)  ((х,у) = ((у,х)  (х,у(Х;

3)  ((х,у) + ((у,z) ( ((х,z) (х,у,z(Х (triangle inequality).
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Fig. 4С.13. Triangle inequality.

Definition 4С.14. The pair (Х,() is the metric space with the carrier XE "пространство:метрическое"  Х and the metric(. 

If (Х,() is a metric space, then is says that there is the metric structure on the set Х. The value ((х,у) characterizes the distance between elements х and у.

The metric on the set of real or rational numbers can be determine by the equality ((х,у) = | х – у |. For all non empty set we can determine the trivial metric by the equalities ((х,у)=0 if х=у and ((х,у) = 1 if х(у. The corresponding metric space is called trivial. The Euclid space 
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is metric with following metrics: 
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The metric (2 is called Euclid one.  
We consider the set of summable sequences 
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After definition the metric
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we obtain the metric space lp. 
The space С[0,1] of continuous functions on the unit interval are metric with following metrics:
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Let (Х,() is metric space, and М is a subset of Х.
Definition 4С.15. Metric space (М,() is called metric subspace XE "подпространство:метрическое"  of the space (Х,().

The set of rational numbers and intervals with standard metric (absolute value of difference) are metric subspaces of space of real numbers. 

Let (Х,() be a metric space, and х0 is a point of Х. We consider the sets
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where (>0.
Definition 4С.16. The sets 
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 are called the open ball, the closed ball and the sphere with radius ( and center х0.

Question. What are the spheres with unit radius and the center zero on the plan (see Fig. 4С.14).
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Fig. 4С.14. Unit spheres on the plane.
Question. What are the balls and the sphere on the trivial metric space (Х,()? Answer:
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Question. What is the closed ball К((х) on the space of continuous functions? Answer: see Fig. 4С.15.

[image: image37.wmf] 

 у

 

х

 

х

-

e

 

õ

+

e

 

ó

Î

Ê

e

(

õ

)

 


Fig. 4С.15. The ball includes all functions with graph, 
which consists between the functions х​-( and х​+(.
For all metric space the family of the balls {K((х) | (>0} is the fundamental system of neighbourhoods of the point х. So each metric space is the metric one. The convergence in the topological space is true if all elements of the sequence with large enough numbers includes in each neighbourhood of the limit. Then the condition хk(х is equivalent to the convergence ((хk,x)(0 if k((. Thus the convergence in metric spaces can be interpreted as a quantitative property.
Definition 4С.17. Topological space is metrizable XE "пространство:метризуемое" , if its topology determines a metric.

For all different points х and у of metric space (Х,() we determine 
( = ((x,y)/2. Then these points have the neighbourhoods with empty intersection. (see Fig. 4С.16). So each metric space is Hausdorf one. Therefore if the topological space is not Hausdorf, then it is not metrizable.
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Fig. 4С.16. Metric spaces are Hausdorf. 
Let (X,(), (Y,d), and A is an operator from X to Y.
Definition 4С.18. The operator А : (X,() ( (Y,d) is isometric (see Fig. 4С.17) XE "оператор:изометрический" , if
d(Ax,Ay)  =  ((x,y)  (x, y(X.

If A is bijection, and this operator and its inverse one are isometric, then A is isometry. Metric spaces are isometric is there exists an isometry between them. A property is metric is it is saves after isometries.
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Fig. 4С.17. Isometric operator.

Room 4С.4. SPECIAL METRIC SPACES
We determine some special metric properties. Let (Х,() be metric space. The number 
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is called the diameter of the set X (see Fig. 4С.18). 
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Fig. 4С.18. Diameter of the set М.
Definition 4С.19. The metric space is bounded if it has the finite diameter. 

The set in a metric space is bounded, if it is bounded as the metric subspace.

We consider now a metric property, which has a relation to the convergence. The sequence is converge, if the distance its element and limit converges to zero. So for proving the convergence we need to know the limit. However this value is not known as a rule. So it is necessary to use another technique.
Definition 4С.20. The sequence {xk} is fundamental in the metric space (X,()  XE "последовательность:фундаментальная" , if for all (>0 there exists a number k(()such that ( (xm,xn) < ( for all m and n greater than k((). The metric space is complete, if each fundamental sequence converges. 
By triangle inequality we have

((xm,xn) ( ((xm,x) + ((x,xn).

Then the space is fundamental if it converges. However the sequence {1/k} on the metric subspace ((0,1),() of the space of real numbers is fundamental, but it does not converge. So the fundamental property of the sequence is easier than convergence. But we can verify if the concrete sequence is fundamental without any information about limit. Thus if our space is complete, we can prove that the sequence is fundamental with obtaining its convergence. This is the general practical method of proving the convergence.
Euclid space is complete with different metrics. The space of continuous functions is complete with metric
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. But it is not complete with integral metrics.
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